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4 PHYSICS + PROBLEMS + 9" Grade + Problem Set #1

PHYSICS

Problem Set #1, 9" Grade

1. Before an intersection, a lorry slows down to full stopin 7" = 5's, in
the middle of the braking distance its velocity equals V = 2 m/s.
1) Determine the lorry acceleration a during the slowdown.
2) Determine the lorry braking distance S.
During the slowdown the lorry goes in a straight line and its ac-
celeration remains constant.

2. A tennis player is practicing on a horizontal court by sending the ball
to a vertical wall. After a strike, the ball starts from the ground and
hits the wall after 7 = 1.5 s. In 5 = 0.5 after an elastic collision
with the wall, the ball lands on the court at a distance S = 8 m from
the wall.

1) What is the maximum height H reached by the ball during the
flight?
2) At what distance L from the wall has the ball started its flight?
3) Determine a velocity V; of the racket before the strike. The racket
mass is much greater than the ball mass.
The collision of the racket and the ball is elastic. The ball is at rest
before the strike. The gravitational acceleration is g = 10 m/s?. The
ball moves in a vertical plane perpendicular to the wall.

3. A ball made of cork is attached by a thread to the bottom of a vessel
filled with water. The ball volume is V. The specific weight of water
is p, the specific weight of cork is 0.2p. The gravitational accelera-
tion is g.

1) Determine the thread tension 77 if the vessel is at rest.
2) Determine the thread tension T5 if the vessel moves on a horizon-
tal surface at a constant acceleration a = 0.5g.
On both occasions, the ball is completely immersed in water and
does not touch the walls.

4. Water vapor of mass my = 0.2 kg and at to = 100 °C is introduced
in a vessel containing m; = 10 kg of water at ¢; = 20 °C. De-
termine the water temperature 3 in the vessel aiter thermal equilib-
rium has been reached. The specific heat capacity of water is ¢ =
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= 4200 J/(kg-K), the specific heat of evaporation of water is r =
= 2.26 - 105 J/kg. A heat capacity of the vessel and heat losses are

negligible.

. Six identical voltmeters are assembled in the
circuit shown in the diagram, the circuit is
connected to a power source of direct volt- 1¥)

age of U = 40 V. The resistance of a volt- V) 6
meter equals R = 20 - 103 Q. 4
1) Determine a current I5 flowing through 5

the voltmeter 5.

2) Determine the readings V3 of the volt- Fig. for problem 5
meter 3.

3) Determine the readings V; of the voltmeter 1.

Problem Set #2, 9" Grade

. A car moves on a horizontal road at V; = 8 m/s. Before an intersec-
tion, the car slows down to full stopin 7' = 4.
1) Determine a braking distance S of the car.

2) What was the car velocity V' at the moment when it covered % of

the braking distance?
During the slowdown the car moves along a straight line and its
acceleration remains constant.

. A soccer player is practicing on a horizontal ground by sending the

ball to a smooth vertical wall. After a strike, the ball starts from the

ground and hits the wall in 71 = 0.4 s. In 75 = 1.6 s after an elastic

recoil from the wall, the ball lands on the ground at a distance S =

= 20 m from the wall.

1) At which height H did the ball hit the wall?

2) At which distance L from the starting point did the ball land?

3) Determine an average force (F') exerted by the player on the ball
during the strike.

The strike duration is At = 0.05 s, the ball mass is m = 0.5 kg.
Before the strike the ball was at rest. The gravitational acceleration
is g = 10 m/s?. The ball moves in a vertical plane perpendicular to
the wall.
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3. A rubber air balloon is attached with a thread to the bottom of a
steady vessel filled with water, the balloon is completely immersed
in water. A thread tension is T}. The specific weight of water is p,
the gravitational acceleration is g.

1) Determine the volume V of the balloon. Neglect mass of the bal-
loon with air inside.

[T the vessel is being moved on horizontal surface along a straight
line at a constant acceleration, the thread tension becomes equal T5.
2) Determine the vessel acceleration a.

During the acceleration the ball is completely immersed in water
and does not touch the walls.

4. A chunk of ice of mass m = 1 kg at t2 = —10 °C is placed into a
calorimeter containing V' = 5l of water at t; = 90 °C. Determine a
temperature ¢ in the calorimeter after thermal equilibrium is reached.
The specific heat capacity of ice is ¢; = 2100 J/(kg-K), the specific
heat capacity of water is co = 4200 J/(kg-K), and the specific heat
of fusion of ice is A = 3.3 - 10° J/kg. The specific water density is
p = 1.0-10% kg/m3. The melting point of ice is at tg = 0 °C. Neglect
a heat capacity of the calorimeter and a heat loss.

5. Six identical amperemeters are assembled in the circuit shown in the
diagram and connected to a power source of di-
rect voltage. Each amperemeter resistance is R =
1@) = 1. A current displayed by the amperemeter 5
6 isI =5A.
1) Determine a voltage U of the power source.
2) Determine a current I3 displayed by the am-
peremeter 3.
Fig. for problem 5 3) Determine a current I displayed by the am-

peremeter 4.

Problem Set #1, 10! Grade

1. A tennis player delivers a ball from the backline of a tennis court
from a height of H = 2m, the ball velocity is horizontal. The court
length is L = 20 m, the net height is h = 1 m. The ball flies over the
net and lands on the tennis court.
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1) Determine the duration T of the ball flight.

2) What is the minimum initial velocity V; at which the ball will fly
over the net?

3) At which distance S from the net will the ball hit the court at this
initial velocity?
The gravitational acceleration is g = 10 m/s?. The ball moves in

a vertical plane perpendicular to the net. Air resistance is negligible.

. Masses of the weights 1, 2, and 3 in the diagram are m; = 0.1m kg,
me = 2m, and m3 = 3m.
1) Determine a tension 77 of the thread on which the weight 3 is
suspended.
2) Determine an acceleration a; of the weight 1.
3) Determine a tension Ty of the thread on which the upper pulley is
suspended.
The gravitational acceleration is g = 10 m/s?. Weights 1 and
2 are attached to the threads. The pulleys are lightweight. Un-
stretcheable threads slide on the pulleys without friction.

Fig. for problem 2 Fig. for problem 3

. A monatomic gas is used as a working substance in the cycle shown

in the Fig. Here, Py = 1.0 - 10° Pa, Vj = 2.0 - 10~3 m?, the amount

of the gas is v = 2 mol, and the molar mass of the gas is u =

=40 - 1073 kg/mol.

1) Determine a work A done by the gas per cycle.

2) Determine the minimum root mean squared (RMS) velocity of
gas molecules Vi, in the cycle.
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3) By what percentage the maximum RMS exceeds the minimum

RMS in this cycle?

The RMS velocity is defined as V' = /(V2), where (V2) is the
square of an atom velocity averaged over atoms of the gas.
. Each of two small beads carries the same charge ¢, the beads are
located on the inner surface of a smooth dielectric sphere of a radius
R. The first bead is attached at the sphere lowest point and the sec-
ond bead can freely slide on the surface. In equilibrium, the second
bead resides at a height h = 0.5 - R measured from the lowest point.
1) Determine an electric force F' acting between the charges.
2) Determine a mass m of the mobile bead.

The gravitational acceleration g and the electric constant ¢ are
known.
. Ifaresistor R = 50 Q2 is connected to a battery, the current in the cir-
cuit equals I. If two resistors, R and an unknown R, are connected
in series to the battery, the current in the circuit equals 0.75- 1. If the
resistors R and R are connected in parallel to the battery, the current
through the battery equals 1.2 - I. Determine the resistor value of R.

Problem Set #2, 10" Grade

. A volleyball player delivers a ball from the volleyball court backline
from a height H. The initial ball velocity is horizontal. The ball flies
over the net and hits the court in 7" = 0.8 s. The court length is
L = 18 m and the upper edge of the net is at a height of h = 2.4 m.
1) At what height H did the ball start?
2) What is the minimum initial velocity V4 at which the ball will fly
over the net?
3) At which distance S from the net will the ball hit the court at this
velocity?
The gravitational acceleration is g = 10 m/s?. The ball moves in
a vertical plane perpendicular to the net. Air resistance is negligible.
. Masses of the weights 1, 2, and 3 in the diagram are m; = m =
= 0.2 kg, mg = 2m, and mg = 5m.
1) Determine a tension T of the thread on which the weight 3 is sus-
pended.
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2) Determine an acceleration ag of the weight 2.
3) What is the force P exerted by the upper pulley on the axis?

The gravitational acceleration is g = 10 m/s>. Weights 1 and 2
are attached to the threads. The pulleys are lightweight, the axes are
frictionless. The unstretcheable threads slide on the pulleys without
friction.

Fig. for problem 2 Fig. for problem 3

. A monatomic ideal gas is used as a working substance in the cycle

(see fig.), where Py = 2.0 - 10° Pa, Vj = 1.0 - 1073 m3, the gas

amount is v = 0.5 mol, and its molar mass is = 20 - 1073 kg/mol.

1) Determine a work A done by the gas during the compression.

2) Determine the minimum root mean squared (RMS) velocity Vinin
of gas atoms in the cycle.

By what percentage does the maximum RMS exceeds the min-
imum RMS during the compression? The root mean squared ve-
locity equals V' = /(V2), where (V?)—is the square of an atom
velocity averaged over the atoms.

. Each of two small beads carries a charge ¢, the beads are located on
the inner surface of a smooth dielectric sphere of a radius R. The first
bead is attached to the lowest point of the sphere and the second one
can freely slide on the surface. In equilibrium, the distance between
the beads equals R.

1) Determine the electric force F' acting between the charges.

2) Determine the ration = mig of the electric force to the weight of
the mobile bead.
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The gravitational acceleration g and the electric constant g are
known.

5. If a resistor R = 125 Q is connected to a battery, the current I flows
in the circuit. If the resistor R and unknown resistor R are connected
in series to the same battery, the current in the circuit is %I. If the

resistors R and R are connected in parallel to the battery, the current

through the battery is % I. Determine a value of the resistor R.

Problem Set #1, 11" Grade

1. Blocks of masses m1 = m and ma = 7m reside on a smooth hori-

zontal surface. A light spring with a spring constant & is attached to
the blocks, the spring is compressed b

—L R e ] x (see the Fig.)? "lghe bloci of mas}s/

7m is held at rest, the second block

is pressed against the stop. Then the

block of mass 7m is released.

1) Determine velocity of the block of mass 7m at the moment the
second block is detaching from the stop.

2) After the blocks detached from the stop, determine a velocity of
the block of mass 7m at a moment when the distance between
the blocks is minimal.

Fig. for problem 1

2. A ball is suspended on an elastic spring and oscillates along the ver-
tical with an amplitude A and a period T". The spring mass is negli-
gible compared to the ball mass.

1) Determine magnitude of the maximum acceleration of the ball.

2) Determine magnitude of the ball acceleration when the magni-
tude of its velocity equals 2/3 of the magnitude of its maximum
velocity.

3. One mole, v = 1, of helium expands first in the process 1—2 when
the gas pressure P is directly proportional to its volume V" and then
in the process 2—3 specified by a linear dependence of the pressure
on the volume (see Fig.). The pressure at the states 1 and 3 is equal.
The work done by the gas in the process 2—3 equals 1.25 of the work
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done in the process 1—2. The temperature at the states 2 and 3 is
the same and equal to T = 200 K.

1) Determine a ratio of the volumes at the states 2 and 1.

2) Determine a work Ay3 done by the gas in the process 2—3.

P PAN 1 e
//1 3 cC R
// L —

0 Vv
Fig. for problem 3 Fig. for problem 4 Fig. for problem 5

. A parallel-plate capacitor is connected to a power source of a con-
stant EMFE. A rectangular slab of a dielectric material is inserted into
the capacitor while the power source is connected to the capacitor
(see the Fig.). The slab thickness equals 3/4 of the distance between
the capacitor plates. As a result, the dielectric fills 3/4 of the capaci-
tor volume and its capacitance increases three-fold.

1) How and by how much has the electric field inside the capacitor

changed in the region free of dielectric?
2) Determine a permittivity of the dielectric slab.

. In the circuit shown in the diagram, the switch K is initially opened.
The circuit parameters are known, the inductor resistance is neg-
ligible compared to that of the resistor. Then the switch is closed.
After a steady mode is achieved (the currents become constant), the
switch is opened.

1) Determine a current I; through the capacitor right after the
switch was closed.

2) Determine a current Iy through the inductor in the steady mode
when the switch is closed.

3) Determine a voltage across the capacitor after the switch was

opened when the inductor current becomes equal to %Io at the

first time.
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Problem Set #2, 11" Grade

1. Two blocks of masses m; = m and ms = 5m reside on a smooth

horizonal surface. A light elastic spring with a spring constant & is
attached to the blocks, the spring is

—L 000000004 -] compressed by x (see the Fig.). The

block of mass 5m is held at rest,

the other block is pressed against the

stop. Then the block of mass 5m is released.

1) Determine velocity of the block of mass 5m at the moment the
other block is detaching from the stop.

2) After the blocks detached from the stop, determine a velocity of
the block of mass 5m at a moment when the distance between
the blocks is maximal.

Fig. for problem 1

2. A weight is suspended on an elastic spring and oscillates along the
vertical with an amplitude A and a period T'. A spring mass is negli-
gible compared to a weight mass.

1) Determine the maximum magnitude of the weight acceleration.
2) Determine a magnitude of the weight acceleration at a moment,
when the magnitude of its velocity equals 3/4 of the maximum.

P
””” N 73 —
N e K;ﬂ
— 5T

0 14
Fig. for problem 3 Fig. for problem4  Fig. for problem 5

3. One mole, v = 1, of helium first expands in the process 1—2 when its
pressure P is linearly related to its volume V', and then in the process
2—3 in which its pressure is directly proportional to the volume (see
the Fig.). The pressure at the states 1 and 3 is the same. The work
done by gas in the process 2—3 equals 1.5 of the work done in the
process 1—2. The temperature at the states 1 and 2 is the same and
equal to 77 = 200 K.

1) Determine the ratio of gas volumes at the states 2 and 1.
2) Determine the work As3 done by the gas in the process 2—3.
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4. A parallel-plate capacitoris connected to a power source of constant
EME. A rectangular dielectric slab is then inserted in the capacitor
while the power source remains connected to the capacitor. The
slab thickness is 2/3 of the distance between the capacitor plates.
As a result, the dielectric fills 2/3 of the capacitor volume and its
capacitance increases two-fold.

1) How and by how much has the electric field inside the capacitor
changed in the region free of dielectric?
2) Determine a permittivity of the slab.

5. The switch K in the circuit shown in the diagram is initially opened.
The values of the circuit elements are known, the inductor resistance
is negligible compared to that of the resistor. Then the switch is
closed. After a steady mode is achieved (the currents become con-
stant), the switch is opened.

1) Determine current I; through the battery right after the switch
was closed.

2) Determine current Iy through the battery in the steady mode
when the switch is closed.

3) After the switch was opened, determine a voltage across the ca-
pacitor at the moment when the current through the inductor be-

comes equal to % Iy at the first time.
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MATHEMATICS
Problem Set #1, 9" Grade
1. A passenger on a bus looks out at the window and sees his friend

walking in the opposite direction. He gets off at the next stop, 3 mi-
nutes after having seen his friend, and starts walking in the opposite
direction to catch up with him. How much time does he need for it
(counting from the moment he got off the bus) if he walks 2.5 times
faster than his friend but 6 times slower than the bus. (All speeds
are constant.)

.Jack and Jill exchanged some stamps from their collections two

times. Each time Jill gave % of all her stamps to Jack and Jack gave

one half of his stamps to Jill (for example, if Jill had 11 stamps and
Jack had 10 stamps, it means that at the first exchange Jill would
give 2 stamps to Jack and Jack would give 5 stamps to Jill). It
turned out that after the first exchange Jack had 110 stamps and
after the second exchange Jill had 334 stamps. How many stamps
did Jill have before all the exchanges?

. An irreducible fraction, its numerator and denominator being posi-

tive integers, is greater than % [T its denominator is increased by 1
and its numerator is increased by 6 the resulting fraction is less than
0.2. Find the initial fraction if it is known that its denominator is 8
less than the square of its numerator.

3_ o=
4. Solve the system of equations { ny r = 182,
ry° —xy = 42.
5. The perimeter of a right triangle ABC is equal to 30. Hypotenuse

AB touches the incircle of this triangle at point @, and AQ : QB =
=10 : 3. Find the area of this triangle.

. Find all pairs of integers (x; y) that satisfy inequalities

22 + 16y + 193 < 242 — y? and 38z — y? > 2% + 8y + 354.

. KT is a bisector of triangle K LM. Circle Q with its center on side

K M has a radius of 6 and passes through points K, L and 7. Find
KLifitis knownthat LT : MT =1: 3.
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Problem Set #2, 9" Grade

1. A passenger on a bus looks out at the window and sees his friend
walking in the opposite direction. He gets off at the next stop, 1.5
minutes after having seen his friend, and starts walking in the oppo-
site direction to catch up with him. How much time does he need
for it (counting from the moment he got off the bus) if he walks 1.8
times faster than his friend but 11 times slower than the bus. (All
speeds are constant.)

2. Jack and Jill exchanged some stamps from their collections two

3

7

one third of his stamps to Jill (for example, if Jill had 14 stamps and

Jack had 12 stamps, it means that at the first exchange Jill would
give 6 stamps to Jack and Jack would give 4 stamps to Jill). It
turned out that after the first exchange Jack had 273 stamps and
after the second exchange Jill had 199 stamps. How many stamps
did Jill have before all the exchanges?

times. Each time Jill gave = of all her stamps to Jack and Jack gave

3. An irreducible fraction, its numerator and denominator being posi-
tive integers, is greater than % [fits numeratoris increased by 3 and

its denominator is increased by | the resulting fraction is less than
0.2. Find the initial fraction if it is known that its denominator is 3
less than the square of its numerator.

3 _
4. Solve the system of equations Tty 9 70,
zy + xy° = 20.
5. The perimeter of a right triangle ABC'is equal to 40. Hypotenuse
AB touches the incircle of this triangle at point @, and AQ : QB =

= 5 : 12. Find the area of this triangle.
6. Find all pairs of integers (x; y) that satisfy inequalities
z? 4 26y + 159 < 4z — y? and 18z — y? > 22 + 18y + 140.
7. KT is a bisector of triangle K LM . Circle  with its center on side

K M has a radius of 6 and passes through points K, L and 7. Find
KL ifitis known that LT : MT =2 : 3.
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Problem Set #1, 11" Grade

1. Solve the equation z# - 21177 4 22+V2e+2 — g4 9v2z+2 | 9l3—z

. Numbers a, b and ¢ (in the indicated order) form a geometric pro-

gression. Numbers ¢ — a, 2a — b and a + b (in the indicated order)
form an arithmetic progression. Find the common ratio of the geo-
metric progression.

3. Find the value of cos 10° - cos 50° - cos 70°.

4. Find the coordinates of point M such that it lies on y-axis and tan-

gent lines drawn from point M to parabola y = 7 — 5z — 3z? are
perpendicular to each other.

. Point P belongs to side LM of parallelogram K LM N. It is known

that LP = MP = 2. /ZKPN = arccos % KL = 9. Find the area

of this parallelogram.

. Sketch the set of points whose coordinates (x; y) satisfy the system

of inequalities

{ l0g), _o|—2jy—aj+6(z + 3) > 108}, 2 _ajy—a16(1 +¥),
xr < 13.
Find the area of this set.

. Isosceles trapezoids APRS and PQRS, their largest bases being

PR and PS respectively (PR = P.S), are inscribed into circle €.
Diagonals of trapezoid PQ RS intersect at point O, and angle POS
equals 120°. Find the radius of €2 given that the area of triangle AP.S
is equal to 4 4 4v/3.

Problem Set #2, 11" Grade

1. Solve the equation x4 - 3vV1=3% 4 g+l — g4 . 3o+9 4 32+vi=3z,

. Numbers a, b and ¢ (in the indicated order) form a geometric pro-

gression. Numbers 3¢ — 2a, a — b and a — 2¢ (in the indicated order)
form an arithmetic progression. Find the common ratio of the geo-
metric progression.

. Find the value of sin 10° - sin 50° - sin 70°.
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. Find the coordinates of point M such that it lies on y-axis and tan-
gent lines drawn from point M to parabola y = 1 + 6x — 422 are
perpendicular to each other.

. Point P belongs to side LM of parallelogram K LM N. It is known
that LP = MP =3, Z/KPN = arccos g, KL = 5. Find the area of
this parallelogram.

. Sketch the set of points whose coordinates (x; y) satisfy the system
of inequalities

10g|x+2|72|x+3\+4(y -2)> 1Og|m+2|72|x+3\+4(1 — ),

y < 13.
Find the area of this set.

. Isosceles trapezoids APRS and PQRS, their largest bases being
PR and PS respectively (PR = PS), are inscribed into circle €.
Diagonals of trapezoid APRS intersect at point O, and angle AOP
equals 60°. Find the radius of Q given that the area of triangle PQR
is equal to 9 4 9v/3.
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PHYSICS

Assessment Criteria
For the Final Stage of Phystech.International Olympiad
December, 2018.

Maximal total points for each problem: 10.

Problem Sets 1 and 2 for Pre-Graduation Class (9-th Grade)

Problem Assessment Criteria l\gtl;n
1. 1) Correct answer to the first question ..................... 5
2) Correct answer to the second question .................. 5

2. 1) Correct answer to the first question ..................... 3
2) Correct answer to the second question .................. 3

3) Correct answer to the third question .................... 4

3. 1) Correct answer to the first question ..................... 4
2) Correct answer to the second question .................. 6

4. Heat balance equation is correctly written .................. 7
Correct answeris presented ............ ... ... ... ... 3

5.  An equivalent scheme is presented or described in words .... 4
1) Correct answer to the first question ..................... 2

2) Correct answer to the second question .................. 2

3) Correct answer to the third question .................... 2

Problem Sets 1 and 2 for Pre-Graduation Class (10-th Grade)

Problem Assessment Criteria l\g,z;n
1. 1) Correct answer to the first question ..................... 2

2) Correct answer to the second question .................. 4

3) Correct answer to the third question .................... 4

2. 1) Correct answer to the first question ..................... 2

2) Correct answer to the second question .................. 4

3) Correct answer to the third question .................... 4
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3. 1) Correct answer to the first question ..................... 2
2) Correct answer to the second question .......... 2(PS #1)
................................................. 6 (PS #2)
3) Correct answer to the third question ............ 6 (PS #1)
................................................. 2(PS #2)
4. 1) Correct answer to the first question ..................... 5
2) Correct answer to the second question .................. b)
5.  All the equations are written correctly ..................... 7
Correct answeris presented ........... ... ... ... . 3

Problem Sets 1 and 2 for Graduation Class (11-th Grade)

Problem Assessment Criteria l\gtl;n
1. 1) Correct answer to the first question ..................... 5
2) Correct answer to the second question .................. 5

2. 1) Correct answer to the first question ..................... 3
2) Correct answer to the second question .................. 7

3. Allthe required equations are written correctly ............. 4
1) Correct answer to the first question ..................... 3

2) Correct answer to the second question .................. 3

4. 1) Correct answer to the first question ..................... 5
2) Correct answer to the second question .................. 5

5. 1) Correct answer to the first question ..................... 3
2) Correct answer to the second question .................. 3

3) Correct answer to the third question .................... 4
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PHYSICS
Problem Set #1, 9" Grade
S:a? 1% 2
_ _ ~ 2
[ % =a=V27 =V2¢ =057 m/s”.
2 2 "7,
vr 2.5
S=—=—=~71m.
V2 2
a T —-1g
L V. TQ/ N
k S/2 s S/2—] P
Fig. 1 Fig. 2
g<T1+T2)
_ 2 glri + 1) 10-4
2. H= 5 3 =—g=5om (1)
S
V=2, (2)
L=V,m. (3)
From (2) and (3),
_ STl _ 8-1.5 _
=, = o5 —xm
V2 o1
From (1) and (4), V, = g .02 | (5)
Based on (2) and ( 5)
2
7'2

z¢<> =
= ;\/<085>2+ (1022>2 = V89~ 9.4m/s.
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3.1) Fa=gpV.

(1)
Fao=T14+mg=T14+02pVg. (2)
From (1)and (2) 71 = 0.8gpV . (3)
2) g =+/g®+ a? (seefig. 3b)).
Similarly to (3) we get
Ty = 0.8¢/pV = 0.8v1.25gpV =~ 0.9gpV.
4. From the heat balance equation
meor + m2c(t2 — tg) = mlc(tg — tl)
ma, t2
= 17;11? 1 %:: =
Fig. 3 Fig. 4
we obtain
myty + moto mar
m1 + ma c(my + mg)
. . . . 108
_ 10-20+40.2-100 0.2-2.26-10 ~39°C.

10 +0.2 + 4200(10 4+ 0.2)
5. An equivalent scheme is shown in the fig. 5.
D=Y =_3 _9103A=2mA o _©
TR T 2010° - T o B

v ® >
2) From the symmetry V53 =10. \@\/(@/
3)Vi=4U="1"=20B.

Fig. 5
Problem Set #2, 9" Grade
2 . .
1. S = ag - aTQT — V%T = 824 =16 m (seefig. 6) (1)
WS _v:_ v
T 16  2a  20/T) -
With (1) taken into account, V = g‘j/? = % =2 m/s.
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T2

Vo (iX T1 {I\
R
Fig. 6 Fig. 7
(252)
B 2 _glm+m)?  10-4
2. H = - =gntnl 8% -5m (1)
S
= (2)
S—L=V,m (seefig.7) (3)
From (2) and (3)
_ T1 04 _ 3 _
L=(1-2)s=(1-Y5)s=35=15m,
V2 1
Based on (1) and (4), V, —M. (9)
_ g(r +7) 1
From (2) and (5), V = ./V2+V2 \/ 72 f}
=mV;
- mV _ m S\ 2 g(m + 7m2) 2_
FI=Ar T M () +[2} -
05 [(20\* [10-2\?
o (35) +(F57) =0,
3.1) Fy =gpV, (1)
Fy=T. (2)
From (1) and (2) leng;V:%. (3)
2) g =g +a?.

Similarly to (3) we obtain

T 2
=gpV=Vg+a%pV =a= <p‘2/> - g%

4. From the heat balance equation
mcy (to — tg) + Am + mCQ(t — to) = pVCg(tl — t)
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m, tz
S
Fig. 8 Fig. 9
we obtain
i CQthl + mcity — m i
N ca(pV 4+ m)
_ 4200-10°-5-1070 90 +1-2100 - (~10) ~3.3-10°-1 _ o
- 4200 - (103 -5-10-3 + 1) - '
5. An equivalent scheme is shown in the fig. 10.
2) From the symmetry, I3 =0. \@\/@/
_ U _ IR _ I _
3)1'4_@_ 5F = 5 =2.5 A.
Fig. 10
Problem Set #1, 10'™" Grade
2
LyH=28" 7= 2 _
2 g Y VO
=22~ 063 y
~\/ 10 09 € (1) h L
2) Let ¢ be a time of ball flight to ~ 0— /2 S - |z
tge net. Then Fig. 11
2 L2 LQ
h:H—gt—— fg.j:Hf%i
2 24V 8V;
g 10
=L,|————=204/| ——< =224 .
“V=hsmow s e m/s. - (3)
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3) Based on (1) and (3) we get

L ¢ 2H L
S=WVTl -2 =Lt~ 2
0% 79 8(H—h) g 2
L H
== — 1] =10- 2—1)~4.1m.
S 5 <”H—h ) 0-(vV2-1) m
2.1) Ty =m3g=3mg=3-0.1-10=3 H. (1)
1
2) miay = 5 (Tp = T1) — mag. (2)
1
moaip = 5 (T1 — T2) + mag. (3)
From (2) and (3)
a1:%g2§%3.3 m/s2. (4)
4
(1), M= 2r T = (M2 4my) g =
(4:01-0.2 N
_<T+0.3>-1o~5.7 H.
. 5.9.10-3
Fig. 12 3.1)A:%p0v0:%:100 J
2) PO‘/O:VRTmma min — P;E)}ZO . (l)

Taking into account (

3RT in 3RP0VE] 3P0V0 3.10°.2.10-3
Vmin = = — ~ 87 m/s.

1 uvR 2-40-1073
3) In section 1—2, P_QPO—— V — V) :—%V+3Po,
VRT:PV:—%V2+3POV.

Tmax is achieved at V = % Vo,

3 P9 9
P:7POVRTH1&X:_T§ ZV 3P02‘/(]—Zp0‘/0,
ST (2)

4vR

Tmax =



RR
F 1 =0.2 1.2 —
rom(l)and(3), R =0.2r + Rt R

Based on (4)and (5), R2 + RR —2R> =0,
—-R++VR?*+8R? —R+3R
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With (2) taken into account
S 3RTmax _ [3R 9P Vo _3 3PV 31} _
max — lj/ - M 4VR 2 M 2 min
(an increase by 50%).
P
2P, {1
P -3 12
0 Voo 2V V
Fig. 13 Fig. 14
4. 1t follows from the equality of rectangular triangles that [ = R.
sina = % =0.5; a = 30° (seefig. 14).
2 2
_ _ 4 _ q
1) F= 47750[2 o 47T80R2 '
9) mgcosa = Fsin2a, m = F-2s1nciz-cosoz _ 2F sina _
gcos o g
_2F-05 _ F
g g’
. Let r be a battery internal resistance. Then
2 —r iR, (1)
& —0.75(r+ R+ R), (2)
& RR
1—1.2<T‘+R+R). (3)
From(l)and(2), r=3R - R. (4)
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Problem Set #2, 10! Grade

2 N2

Ly H=E0 1008 _35m (1)
y Vo
H - 2) Let ¢ be a time of ball flight to the
O(—L/2*><;S*4‘ rft T}‘l/elz + — L (2)

Fig. 15 -0 T2

gt* _ gI* g L?
h=H-°-=°__°%5

2 " 2 2 g

=V = =22.5m/s. (3)

/2_% 2_M
2.:/T 24/0.8 10

3) With (3) taken into account

L LT L
9. /T2 — 2!
L 1 1 1
RN IR NS U Y U S R
2 L 20 2 ] 224
gI” 10-0.82
2.1) T=m3g=5mg=5-0.2-10=10 H. (1)
1
2) mag =5 (1 = T) —mg, (2)
1
maay = + (T —T1) + mag. (3)
From (2) and (3)
ag = %g——%&iﬂ m/s2. (4)
3) (1), (4)— (4)
== (0 1)
( (40204 N
Fia 16 (T+1)-10~15.3 H.
3.1 A=Ay =- 2y S py=— 3 o000 =
= 300 J.

2) Insection 3—1 (seefig. 17): P=2F, —%(V—VO):—%‘GLBPO.
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Tnin is achieved at V = %Vo, P = %PO:

P 9 3 9
VRTwin = — 2 - 7 Vi + 3R 5 Vo = RV
9 PV
Tmin:Z VORO. (1)
| e [3RTwm _ [3R 9 RVo _
Reckoning (1) we obtain vy _\/ m = 1 wR ~
3 [3Ry 3 [32107107
~ 2 \/7_ 2 \/ 0520 105~ 367 m/s.
3) Tmax is achieved at V = 2V, P = 2Py: vRTmax = 4P)Vp;
T _ APV
max — R’
\/BRTmaX SRAPVY \/m
Umax = = —_— =92 ,
H uw vR v
IUH]a,X 2 _ 4 ~ . N o
v 32 37 1.33 (anincrease by ~ 33 %).
P
op, | L 2
Pop----r---33

Fig. 17 Fig. 18

4. Since the triangle in the fig. 18 is equilateral then

o= 5 60°=30°. (1)
2
— q
l) F= 47T€0R2 '
. . _F  cosa 1 B
2) mgcosa = Fsin2a = n = mg = sm2a — Zsna
T 2-05 7
5. Let r be a battery internal resistance. Then
&

T:T+R, (1)



28 PHYSICS + ANSWERS & SOLUTIONS + 11" Grade + Problem Set #1

?z%(rJrRJrR), (2)
‘f:i(w R]iRI?)' (3)
From (1)and (2), r = o R— R. (4)
From (1)and (3), R —~8R 9— RR (5)
Based on (4) and (5), R2 + RR — 6R? = 0, and

R BT V§2+24R2 = 2R =2-125 = 250 Ohm.

Problem Set #1, 11" Grade

1. 1) When block m; is detached from the stop the spring is not com-
pressed. From energy conservation

kx?  movd k k
— = =z — =2\ . 1
2 2 =2 mo . m (1)

2) At the minimum distance between the blocks, their speed is the
same and equal to v (see fig. 19).
From momentum conservation, move = (mj1 + ma)v;
With (1) taken into account,

o
m1+m2

? equi]ibgi)till:; P 5
. 2 \O Pl
1 (VM = S CE iy ;

Fig. 19 Fig. 20 Fig. 21

2. 1) mg = kAl where Al is the deformation in equilibrium.
mi = —k(x + Al) + mg = —kzx,
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k

i+ wir =0, where wy = 1/ —, (1)
m
x = Acos(wot); i = —wiAcos(wot), (2)
472
‘amaX’ = ng = FA

2) & = —wpAsin(wot) ,

2 2 2\ 2
U= 5 Umax if sin(wot) = 3= cos(wot) = 1/1 — <3> = \25 . (3)
. 5 NG NG
(3)_>(2); x:—ng§; jaf = WA= 2> T A
_Va
3. Let P1 —ﬁ—a.Then
1
A12:§(P1+P2)(V2_V1):
1 R
=§(P1V2*P1V1+P2V2*P2V1)=§(T2*T1), (1)
1 1
Az = §(P1 + P) (V3 —Va) = §(P1V3 — PiVa+ PV — PV,) =
1 aR
= *(C(RTg —CkRTl) 9 (T2 —Tl) (2)
From (1) and (2), A?S =% -a (3)
V- 5 1% 1
7?20421, RTl—Plvl—fz'%:ngTz,
T: 16
(3),(4)—(2):
5R 16 9
Aoy = — (T — —=T: —RTy = — - 1-200=374J.
23 4'2< 27 55 2) 4OR 2= 10 8.3 00 = 37
4. Initial capacity C' = Sdof . (1)

In the 2nd case, a capacitor with a plate is equivalent to two capaci-
tors connected in series (see fig. 22).

1 1 1 4 s
o~ 5 T 5 T =gy (2)

0F/a F034,/4
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—

do E

IR

|+

d
+
:\!
SEPNEN
d

Fig. 22

From(1)and (2), C'/C = 5=~ =3 =4c=9+3c;c=9. (3)

d E 3 E'dy E 3
Edy=F—+—.Zdy= — - —d, E' =3E.
0 g T T Ty g
t=20 (i Stcaliiz)dsetatc IO
C R R
& &

b)

Fig. 23
5. 1) Immediately after closing the switch, the current through the coil
is zero = I} = &/R (see Fig. 23a)).

2) In the steady state mode (see Fig. 23b)) In = &/R. (1)
2
2
H(30)
2 2
3) Energy conservation law: LQIO = C;]C + 32 . (2)
&2 4 & 5 L
(1)=(2): L =CUG+ Lg 5, Uc= 3[*3 =

Problem Set #2, 11t Grade

1. 1) When block my is detached from the stop the spring is not com-
pressed. From energy conservation

kz?  mov3 | k | k
2 2 R mo v om (1)
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2) At the maximum distance between the blocks, their speed is the

same and equal to v (see fig. 24).
From momentum conservation, move = (mj + ma)v

Ao
mi + m2
? equilib;i)tilrrlll
v =\
w7 R e - EENRE

Fig. 24 Fig. 25

2.1) mg = kAl where Al is the deformation in equilibrium
(see fig. 25).
mi = —k(x + Al) + mg = —kx,
k

i+ wir =0, where wyg = {/ —, (1)
m

x = Acos(wot); i = —wiAcos(wot), (2)|amax| = wiA = FA.
2) & = —wpAsin(wot)

3 3 2
U= Umax if sin(wot) = 1= cos(wot) =4/1 — (4) = (3)

.. 7 7 7 4rm?
(3)—>(2):x:—w§A%; a\z%w%A:%%
3.Let LV, (see fig. 26). Then P 1 3
Py Va Pil-—-- -
RT3y = P\Vs = aPy-aVh = o®RT} = p \2//
= T3 = o®T; . (1) .
1 S0 1
Ay = = (P1 + Pg)(VQ — Vl) = - L !
1 0 wve V3 V
=5 (P1V2 - PVi + RBVo — RV = Fig. 26
1 RT: —1
=z <aRT2 - L RTl) =L O‘T . (2)
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Ay = 5 (P P2)(Vs = Va) = 5 (AVs = PiVa + BoVy — Pob) =

— 1 (RTy — aRTy + L RTy - RTy) = Ble 1) [5 - Tl} (3)

2 o
From (2) and (3) we obtain

A23_3_T3—dT1_a2—oz_ . _3
A12_7_O¢T1—T1_ a—1 _a7a_7. (4)

PVi=PV= 14 = 2L =a=

3
5
R<§+1> 5 -
(), =@ Ay = ——5— |31 -T] = RN =
Z%-8.31'200z1039 J.

4. Initial capacity C' = ng . (1)

In the 2nd case, a capacitor with a plate is equivalent to two capaci-

<

ul+ v VE' n

do E

Ll <

a) b)
Fig. 27

tors connected in series (see fig. 27).
1 1 1 3 S

/
1 _ _ 2 2
o 5 +55 5 =C 2+5€€0d0 (2)
0dy/3 02dy/3
From (1)and (2), C'/C = 5>~ =2 = 3c =4+2:; e =4. (3)
dy E 2. Edy E 2
Bdg=F2+= .24y = - Zdy = E' =2E.
0 3 Tz 3T g T

5. 1) Immediately after closing the switch, the current through the coil
is zero (seefig. 28). = I, = &/R.
2) In the steady state mode Iy = &/R. (1)
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— steady stat
t=0 I ein}(])dgea ‘ Iy
R R
T T
Fig. 28
2
3
H(3n)
2 2 1
3) Energy conservation law: L2IO = C;]C + 5 . (2)

& 9 & Vie (L
()= (2) LSy =CU2+ L5 2 Uo = 5 (?)
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MATHEMATICS
Assessment Criteria
For the Final Stage of Phystech.International Olympiad
December, 2018.

Maximal total points for each problem are marked bold.

Problem Sets 1 and 2 for Pre-Graduation Class
(9-th and 10-th Grades)

Problem Assessment Criteria l\gi;n
4
2 5

The system of equations is composed ......................... 3
P 5
The system of inequalities is composed ........................ 2
Ao 5
A quadratic equation with respect to y is obtained and solved ... 3
D 5
A quadratic equation with respect to unknown length
isobtained ...... ... . 3
B 5
The squares have been completed ............................. 2
7S 8
The property of a bisector has beenused ...................... 1
The secants theorem has been applied (or the corresponding similar-
ity of triangles) ....... .. l

A trigonometric function of angle K'LM (or of its half) is found . 3
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Problem Sets 1 and 2 for Graduation Class (11-th Grade)

Problem Assessment Criteria I\gi;n
e 5
The equation is factorized .......... ... ... ... ...l 2
Both equations are solved correctly (without taking into account
the domain of a function) ........... ... ... .. ... ... ... ........ |
The roots that belong to the domain of the function
are chosen correctly ......... .. . 2
2 5
The characteristic properties of both progressions are used .. ... 2
B 5
A mistake in a trigonometric formula 0 points for the problem
Ao 6
The condition for the lines to be perpendicular is written
(k1ka = —1) oo 1

The condition for a line y = kz + b to touch the parabola is written
(i.e. the corresponding discriminant should be
equaltoQ) ................... 2 points (for one or two equations)

An algebraic equation with respect to one unknown trigonometric
function that can be transformed into the quadratic equation

isobtained ... ... ... . .. 4
B, 7
The domain of a function is determined ........................ 1
The intervals for which the base of a logarithm is greater than 1 are
determined ....... ... .. .. 2
The setisdepicted ... 3
The area of the setisfound .......... ... .. .. ... ........... 1
75 7

The angles of a triangle PQR (at least two of them)
aredetermined ...... .. ... o 3
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MATHEMATICS
Problem Set #1, 9 and 10" Grade

1. Answer. 32 minutes.
Solution. Let v be the speed of a friend. Then speed of a former
bus passenger is equal to 2.5v, and the speed of the bus is equal to
6 - 2.5v = 15v. In 3 minutes that pass aiter the passenger has seen
his friend the distance between them becomes equal to 3 - (15v +
+ v) = 48v. When the passenger starts overtaking his friend, he

reduces the distance between them by 1.5v every minute. So he

needs % = 32 minutes for it.

2. Answer. 363.
Solution. Let the initial quantities of stamps in Jack’s and Jill’s
possession be equal to x and y respectively. Then after the first ex-
change Jack has 1 5T + 7y stamps and Jill has 1 5T + 7y stamps.

+ @) stamps and

At the second exchange Jack gives away 5 (2 11

receives % ( T+ 17 y) stamps. It means that the amount of

stamps in his possession becomes — 15 T+ 57

44 121
of stamps does not change, Jill has x + y — (

y. As the total amount

15x+29y> 29
4 121 44

= 110 and ﬂx—i—

_|_
92 . 1
+ —1y stamps. [t is known that 5T+ ﬁ Yy

+ m = 334. Solving this system of equations we get that z = 88

and y = 363. Therefore, the initial amount of stamps in Jill’s pos-
session is equal to 363.
11
113
Solution. Letthe numerator of the fraction be equal to k. Then its

: o . k 1 k+6 1
denominatoris £ —8. It is known that R > 11 and e <z
As the denominator of a fraction is positive, and its numerator is in-
teger, we deduce that &k > 3. Therefore, we can multiply both parts

of the first inequality by a positive expression 11 (k* — 8) and mul-

3. Answer.
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tiply both parts of the second by a positive expression 5 (k* — 7),
thus getting a system

11— V153 _, _ 11++/153
{k2—11/<:—8<0, N 2 2
2 —
k2 — 5k — 37> 0. ke (_00;5 2173 U<5+\2/173;+oo).

Taking into account that k is an integer greater than 2, the first in-
equality yields 3 < k < 11, and from the second inequality it follows
that £ > 10. Combining the two conditions we get that either k =

= 10 or k = 11. If K = 10 the initial fraction is equal to El)—g, so it
is reducible by 2. If £ = 11 then the fraction equals % which is

irreducible. It is the only possibility that satisfies all the conditions
giverl.
1
4. Answer. (7;3), (—189; 3)'
Solution. We start with factorizing left sides of both equations:
z(y—1) (1+y+y?) =182,
xy(y — 1) = 42.
As the right sides of the equations are different from zeroes (and
left sides are equal to them) we can divide the first equation by the

2
I+y+y” _ ? 3y2 — 10y + 3 = 0, therefore,

y=3ory= % Substituting these values into the second equation

second one; we get

of the initial system we can find the respective values of x:
o ify=3then9z -3 =42 <=2 =7,

o ify=gthens — L =42 = 2 =180,

5. Answer. 30. c 2D 10z A
Solution. Let us denote touch g
points of the incircle with sides AC 3 A0
and BC as D and F' respectively plag @
(seefig. 1). Let AQ = 10z, CD = Fig. 1

=y. As AQ : QB = 10 : 3, we get that BQ = 3z. We also get
AD = AQ =10z, CF = CD =y, BF = B(Q = 3x since the seg-
ments of tangent lines drawn to a circle from one point are equal to
each other. As perimeter of the triangle is 30, we get that 2y + 26z =
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=30,y =15—13z. So, AC =10z +y=15—-3x, BC =3z +y =
= 15— 10z, AB = 3z + 10z = 13z. Then Pythagorean theorem
yields (15 — 3z)% + (15 — 10z)? = (132)? <= 22?2 + 132 — 15 = 0,

%. The negative value of x is not suitable.

Thus, @ = 1, AC = 12, BC = 5, Saapc = 5 AC - BC = 30.
6. Answer. (15;—6).
Solution. Making out the exact squares we get
{ (x—12)% + (y + 8)* < 15,
(x—19)%+ (y +4)* < 23.
As squares are non-negative we can conclude that (z — 12)? <

< 15 and (z — 19)? < 23. The only integer value of = that satis-
fies these inequalities is = 15. Substituting it into the system we

et { (y+8)* <6,

andsox =lorxz = —

. The only value of y that suits here is y = —6.

(y+4)2 <7
So we get the only pair of integers (15; —6) that satisfy the given
inequalities.
7. Answer. 8.
T L Solution. let LT = .
3y > Then MT = 3y (seefig. 2). As
KT is a bisector of a triangle,
M 3c-12 Pl 6 ~ 6 % KL:KM =1LT: MT =
v =y:3y=1:3. So,if KL =
= x,then KM = 3x. ML and
Fig. 2 MK are two secant lines to a

circle drawn from one point; therefore, MT-ML = MK -MP (P is
the intersection point of K’ M with the circle), i.e. 3y-4y = 3z - (3z—

—12) <= 4y = 32% — 122. As K P is a diameter, it subtends a

right angle at point L, and so cos ZLK P = % = % Then cosine

theorem for triangle K LM vyields (4y)? = 22+ (32)2 =2z -3z - %
Substituting here the expression for 432 obtained above we get
1202 — 48z = 1022 — 5 & <= w(z —8)(¢ +12) = 0. This equation

has the only positive root, that is z = 8. Consequently, KL = x =
=8.
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Problem Set #2, 9 and 10" Grade

1. Answer. 39 minutes.
Solution. Let v be the speed of a friend. Then speed of a former
bus passenger is equal to 1.8v, and the speed of the bus is equal
to 11 - 1.8v = 19.8v. In 1.5 minutes that pass aiter the passen-
ger has seen his friend the distance between them becomes equal to
1.5-(19.8v 4+ v) = 31.2v. When the passenger starts overtaking his

friend, he reduces the distance between them by 0.8v every minute.
31.2v
0.8v

2. Answer. 147.
Solution. Let the initial quantities of stamps in Jack’s and Jill’s
possession be equal to x and y respectively. Then after the first ex-

So he needs = 39 minutes for it.

change Jack has %m + %y stamps and Jill has %x + %y stamps.
At the second exchange Jack gives away % (2 x + %y) stamps

and receives S (1 T+ Z; y> stamps. It means that the amount of

7
stamps in his possession becomes ﬂ ac+ y As the total amount
of stamps does not change, Jill has :L'+y (37 T+ % ) gg +
+ y stamps. It is known that 2 3T + sy = 273 and 9V =

= 199. Solving this system of equatlons we get that x = 315 and
y = 147. Thereiore, the initial amount of stamps in Jill’s possession
is equal to 147.

3. Answer.

a.
Solution. Letthe numerator of the fraction be equal to k. Thenits
denominator is k% — 3. It is known that s K +32 < %

As the denominator of a fraction is positive, and 1ts numerator is in-
teger, we deduce that & > 2. Therefore, we can multiply both parts
of the first inequality by a positive expression 9 (k? — 3) and multi-
ply both parts of the second by a positive expression 5 (k:2 — 2), thus
getting a system

9—\/@<k 9+\F
{k2—9k—3<0,(:) 2
k2 5k —17 > 0. ke(_oo;5—2\/9>>u(5+\ﬁ oo>
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Taking into account that k is an integer greater than 1, the first in-
equality yields 2 < k < 9, and from the second inequality it follows

that £ > 8. Combining the two conditions we get that either k = 8
9
ﬁv

by 3. If £ = 8 then the fraction equals 6% which is irreducible. It is

ork =9. If £ = 9 the initial fraction is equal to so it is reducible

the only possibility that satisfies all the conditions given.
4. Answer. (10;—2), (—80; _ %)
Solution. We start with factorizing left sides of both equations:

{ﬂf(lﬂ/) (1—y+y?) =-70,
zy(1+y) = 20.

As the right sides of the equations are different from zeroes (and
left sides are equal to them) we can divide the first equation by the

. 2
second one; we get 1-y+y” _ ; 2y% 4+ 5y + 2 = 0, therefore,

y=-—20ry =— % Substituting these values into the first equation

of the initial system we can find the respective values of x:
o ify=—2thenx —8r=-70 < = = 10;
° ify:—%then:c—%a::—70<:>a::—80.

5. Answer. 60.
Solution. Letusdenotetouch points of the incircle with sides AC
and BC' as D and F respectively. Let AQ = 5z, CD = y (seefig. 3).
As AQ : QB =5 : 12, we get that BQ = 12z. We also get AD =
= AQ =5z, CF =CD =y, BF = BQ = 12z since the segments
of tangent lines drawn to a circle from one point are equal to each
other. As perimeter of the triangle is 40, we get that 2y + 342 = 40,
y=20—17x. So, AC =bx+y=20—12z, BC =12z +y = 20—
— bz, AB = 5x + 12z = 17x. Then Pythagorean theorem yields
(20 — 52)2 4 (20 — 122)% = (172)? <= 3224+ 172 —20 = 0, and so
r=1lorx = — ? The negative value of x is not suitable. Thus,
©=1,AC =8,BC =15, Spapc = 5 AC - BC = 60.

6. Answer. (5;—11).
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Fig. 3 Fig. 4

Solution. Making out the exact squares we get

{(x —2)2 + (y+13)? < 14,
(z—9)2+ (y+9)? <22.

As squares are non-negative we can conclude that (z — 2)? <
< 14 and (z — 9)? < 22. The only integer value of x that satisfies
these inequalities is # = 5. Substituting it into the system we get
{ (y+13)% <5,

(y+9)2<6
So we get the only pair of integers (5; —11) that satisfy the given
inequalities.

7. Answer. 10.
Solution. let LT = 2y. Then MT = 3y (see fig. 4). As KT
is a bisector of a triangle, KL : KM = LT : MT = 2y : 3y =
=2:3. Let KL = 22, then KM = 3x. ML and MK are two
secant lines to a circle drawn from one point; therefore, MT - M L =
= MK - MP (P is the intersection point of KM with the circle),
ie. 3y -5y = 3z - (3x — 12) <= 5y? = 322 — 122. As KPisa
diameter, it subtends a right angle at point L, and so cos ZLK P =
= % = % Then cosine theorem for triangle K LM yields (5y)% =
= (22)% + (3z)> — 222 - 3z - % Substituting here the expression

. The only value of y that suits here is y = —11.

for 5y obtained above we get 1522 — 60z = 1322 — 223 <= x(v —
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— 5)(z 4+ 6) = 0. This equation has the only positive root, that is
x = 5. Consequently, KL = 2x = 10.

Problem Set #1, 11" Grade

1. Answer. T7,V2.
Solution. Moving all terms to the left side and factorizing, we

get (2* — 4) (211_”” - 2””2) = 0. The first factor is equal to 0 for

x = +v/2, and only x = V2 belongs to the domain of the second
factor. The second factor equals 0 if

— 2
VIT =11 — 2 {2+2x_:c — 22z 4 121,

11—-2>20
x =17,
— r=7 <=r=T
r <11

Finally, we get z = 7 and z = /2.

2. Answer. —4orl.
Solution. As c—a, 2a—b and a+ b form an arithmetic progression,
its middle term is equal to half-sum of two other terms; therefore,
2(2a — b) = (c—a) + (a + b) <= ¢ = 4a — 3b. For the sequence
to be a geometric progression, any of its terms squared should be
equal to the product of the two neighbors. So, b?> = ac, or, taking
into account that ¢ = 4a — 3b, we get a(4a — 3b) = b?, b% + 3ab —
—4a? = 0. Solving this equation as quadratic equation with respect
to b, we obtain that either b = —4a or b = a. The common ratio ¢

of a geometric progression is equal to g, and so we get that either
q=—4orqg=1.
V3

3. Answer. g

Solution. Transforming product of trigonometric functions into
their sum we get

S E VRS SUVRS BNV
cos 10° cos 50 —500840 +§C0860 —2cos40 +4.
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Therefore, the initial expression is equal to
! 40° + = 70° = ! 40° cos 70° + - 70° =
9 COS 4 COS = 9 COS COS 1 COS =

1 1 1
=1 cos 110° 4+ = cos 30° + = cos 70°.

4 4
As cos110° = cos(180° —70°) = —cos70°, we finally get
1 o_ V3
100830 =35

4. Answer. (0; %)
Solution. Let us choose a point with ordinate a on y-axis. It is
obvious that the lines we are considering are not parallel to coordi-

nate axes. Then product of slopes of these lines equals (—1). Let

us denote these slopes as k and — % respectively. Consequently, the

equations of the lines arey = kx + aandy = — % x + a. Each

of them has exactly one common point with the parabola, therefore
systems

_ 2
y=7-5z—3% y—7—15w—3x,
y=kxr+a y:—E:U—i-a

have one solution each. Equating the right sides in each of the sys-
tems, we get that equations
1

kx+a=7-5z—3z® and —%:B+a:7—5m—3x2
must have exactly one solution each.

Let us consider the first equation separately. It is equivalent to
372 + (k + 5)x + (a — 7) = 0. For it to have one solution, its
discriminant has to be 0, and so (k + 5)2 — 12(a — 7) = 0. In the

2
same way the second equation yields (% — 5) —12(a—7) =0.
As k and a must satisfy both of the obtained equations, we can

subtract the second of them from the first; it yields (k + 5)? —

—(1—5)2 = 0; hence k +5 = —1+50rk+5 = 1_5
k ’ k L .

The former equation yields k2 = —1, and so it has no solutions. The
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latter equation is equivalent to k2 + 10k — 1 = 0, thus k = —5 +
+ /26. Substituting these values of k into (k + 5)% = 12(a — 7) we

get 12(a —7) = 26,a = 2.

5. Answer. T+v/23.
Solution. Let ZKLM = p,then ZLM N = 180° — ¢ (see fig. 5).
Cosine theorem applied to triangles K LP and M N P yields K P? =
=81+4—36cosp, NP? =81+ 4+ 36 cos ¢. Then we use cosine
theorem for triangle K PN’

16 = KN? = (85 4 36 cos ¢) + (85 — 36 cos ) —

11
—2+/(85 + 36 cos ) (85 — 36 cos ) - =

— /852 — 362 cos? o = 84 «—

132

= 362 cos® p = 852 —84? = (85— 84)(85+84) «= cos’ p = 362
Lo 13 13\ _ 49-23 . 723

Hence sin” ¢ = (1— 36) (1—1— 36) = 3 sinp = = , and

so the area of the parallelogram is equal to K L - LM -sin ¢ = 7+/23.

Y

Ps
Q 12
A A
B| C2 L
AT 1 L K-
-3D-11(0 910 1|3 x
Fig. 5 Fig. 6

6. Answer. The set is depicted on fig. 6; its area is equal to 104.
Solution. Let us consider the two options available.
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a) The base of the logarithm is greater than 1. It happens if and only
if

ly—2| =2y —4|+6>1<= 2y —8| < |y — 2|+ 5 <
@{2y—8<|y—2[+5, {|y—2|>2y—13,

2y—8>—ly—2| -5 ly —2| >3 —2y
y—2>2y—13, y <11,
y—2<13 -2y, y <5,
<~ 5
y—2>3 -2y, y> =
37

11
<:>{y< = 1l<y<1l.
y>1

For these values of y the initial inequality yields x +3 > 14y, i.e.
y < x + 2. If we also take into account that x < 13, we obtain a
trapezoid C K LM, the coordinates of its vertices being C'(—1; 1),
K(13;1), L(13;11), M(9;11) (see fig. 6).

b) The base of the logarithm is between 0 and 1. To determine the
values of y for which it happens we solve the inequality |y — 2| —
—2|y—4]+6 > 0 and then exclude interval [1; 11] from its solution
set.

ly—2|—2y—4|+6 >0« 2y — 8| < |y — 2| + 6 <
2y — -2 —2 2y — 14
(:{y 8 <y —2[+6, {Iy | > 2y — 14,

2y—8>—|y—2|—6 ly —2| >2—2y
y—2>2y— 14, y<11§’
y—2<14 -2y, y<—,
<= L 3 <=
[y—2>2—2y, y>§
_ _ 3’
y—2<2y—2 |y >0

12
— {y< = 0<y <12
y>0

Thus the base of the logarithm is between 0 and 1 fory € (0;1) U
U (11;12). For these values of y we conclude that x + 3 < 1 +
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+y,i.e. y > x + 2. If we add that z > —3 (that follows from the
domain of the initial inequality), we obtain two trapezoids ABC'D
and M PQR, their vertices situated in points A(—3;0), B(—3;1),
C(—1;1), D(=2;0), M(9;11), P(10;12), Q(—3;12), R(—3;11).
You can see the set on fig. 6 (all the boundaries do not belong to

the set).

The area of this set is equal to sum of areas of all the trapezoids.

1+2
SaBcp = —5—

-1 =12.5; hence Sy, = 104.

12413
T2

7. Answer. 4.

Fig. 7

14 +4

-1=1.5, ScxrLm = 5 10 =90, SaBcp =

Solution. Angle QOP is 60° and is
the angle between the chords that inter-
sect; therefore, it is equal to one half of
the sum of arcs PQ and RS (see fig. 7).
As these arcs are equal to each other
(they are arcs between parallel chords
QR and PS), we conclude that each of
them is equal to 60°. Chords AS and PR
are also parallel to each other (as they are
bases of a trapezoid), and so arc AP is as

well equal to 60°. Chords PR and PSS are equal to each other; and
so are the corresponding arcs, that is, arc PQR equals arc PAS.

From here follows that QT% — AS. As the whole circle constitutes
360°, we get that QR = AS = 90°.
Angle APS is inscribed into circle €2, and so it is equal to 5 AS =

1
2

= % - 90° = 45°. In the same way ZASP = %A_f? = 30°. Then

/PAS =180° — ZAPS — ZASP = 105°. Let the diameter of the
circle be equal to d. Then sine theorem used for triangle APS yields

AP = dsin30° = g, AS = dsin4b° = i. For expressing the

V2

area of triangle APS we also need that sin 105° = sin (45° 4 60°) =

= sin 45° cos 60° + cos 45° sin 60° =

1+v3
2v/2

Hence the area of triangle APS is equal to % AP-AS -sin105° =



MATHEMATICS + ANSWERS & SOLUTIONS +11 Grade + Prb.Set #2 47

2
_ d(\{#, Equating it to 4 (v/3 + 1) yields d2 = 64, s0d = 8

and the radius is equal to 4.

Problem Set #2, 11" Grade

1. Answer. —5; —/3.
Solution. Moving all terms to the left side and factorizing, we get

(z*—9) <3V 1=3z _ 3”9) = 0. The first factor is equal to 0 for z =

= ++/3, and only z = —+/3 belongs to the domain of the second
factor. The second factor equals O if

1—3x =22+ 18z + 81
1—-3x= 9 «<— RS
ViTer=ad {x+920

Finally we get # = —5 and x = —/3.

2. Answer. —3orl.
Solution. As 3c — 2a, a — b and a — 2¢ form an arithmetic pro-
gression, its middle term is equal to half-sum of two other terms;
therefore, 2(a — b) = (@ — 2¢) + (3¢ — 2a) <= ¢ = 3a — 2b. For
the sequence to be a geometric progression, any of its terms squared
should be equal to the product of the two neighbors. So, b = ac,
or, taking into account that ¢ = 3a — 2b, we get a(3a — 2b) = b2,
b%+2ab—3a® = 0. Solving this equation as quadratic equation with
respect to b, we obtain that either b = —3a or b = a. The common

ratio ¢ of a geometric progression is equal to g, and so we get that

eitherq = —3orq = 1.

3. Answer. %

Solution. Transforming product of trigonometric functions into
their sum we get

: o o __ 1 o 1 o __ 1 o 1
sin 10° sin 50° = 500340 2(:0860 = 2(:0340 1
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Therefore, the initial expression is equal to

1 o 1 . o __ 1 o 2 o 1 : o _
(200540 —4) sin 70° = 2COS40 sin 70 —4sm70 =

1 o 1. o 1 . o
—zsmllO +ZSID30 4sm?O .

As sin 110° = sin (180° — 70°) = sin 70°, we finally get

1 1

Z sin 300 = g .

53

4. Answer. (0, E)'
Solution. Let us choose a point with ordinate a on y-axis. It is
obvious that the lines we are considering are not parallel to coordi-
nate axes. Then product of slopes of these lines equals (—1). Let

us denote these slopes as k and — % respectively. Consequently, the

equations of the lines arey = kx + aandy = — % x + a. Each

of them has exactly one common point with the parabola, therefore
systems

— 2
y =1+ 6x — 42?2 and y—1ﬁ6$—4$,
y=kx+a y=-—gprta

have one solution each. Equating the right sides in each of the sys-
tems, we get that equations

1
kr+a=1+6z—4z> and —%x+a:1+6x—4x2

must have exactly one solution each.

Let us consider the first equation separately. It is equivalent to
422 + (k — 6)x + (a — 1) = 0. For it to have one solution, its
discriminant has to be 0, and so (k — 6)? — 16(a — 1) = 0. In the

2
same way the second equation yields (% + 6) —16(a—1) =0.

As k and a must satisfy both of the obtained equations, we can
subtract the second of them from the first, thus getting (k — 6)? —

2
7(%+6) :0;hencek76:f%—6ork—6:%+6. The
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former equation yields k2 = —1, and so it has no solutions. The
latter equation is equivalent to k% — 12k — 1 = 0, thus k = 6 4+ /37.
Substituting these values of k into (k — 6)? = 16(a — 1) we get

53
16(a —1) =37,a = 6

5. Answer. 2V/17.
Solution. Let ZKLM = p,then ZLM N = 180° — ¢ (see fig. 8).
Cosine theorem applied to triangles K LP and M N P yields K P? =
=25+9 —30cos ¢, NP2 = 25+ 9+ 30 cos . Then we use cosine
theorem for triangle K PN:

36 = KN? = (34 + 30 cos @) + (34 — 30 cos @) —
8
—24/(34 4 30 cos ¢)(34 — 30 cos ) - 5=

— /342 — 302 cos? p = 18 <=
= 30 cos® p = 34% — 187 = (34 — 18)(34 + 18) =

s cos?p= 510
LTI
Lo . 1316 _ 17 . /1T
Hence sin” p = 1 52— 12 Sine = p and so the area of
the parallelogram is equal to KL - LM - sin p = 2v/17.
Q PP

SRS

Fig. 8 Fig. 9

6. Answer. The set is depicted on fig. 9; its area is equal to 46.
Solution. Let us consider the two options available.
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a) The base of the logarithm is greater than 1. It happens if and only
if
le+2] =2z +3|+4>1<=[204+6|< |z +2|+3 <=
|z + 2| > 2z + 3,

20 +6 < |[r 42|+ 3, PN
20 4+6> —|x+2|—3 |z +2]>—-22x—-9
([ 2 < -1,
z+2>2x43, 5
r+2< 22 -3, $<—§a
L —
T +2> 2z -9, I
r+2<2x+9 3
| x> =7

{x<_1’ = —T<z< -l
x> =7
We getthaty —2 > 1 —z,i.e. y > 3 — z. If we also take into ac-
count that y < 13, we obtain a trapezoid APQR, the coordinates
of its vertices being A(—1;4), P(—1;13), Q(—7;13), R(—7;10).
b) The base of the logarithm is between 0 and 1. To determine the
values of z for which it happens we solve the inequality |z + 2| —
— 2| + 3] +4 > 0 and then exclude an interval [-7; —1] from its

solution set.
|t +2| =2z +3|+4>0<= 22 +6| < |z + 2|+ 4 <=

20 +6 < |+ 2|+ 4, |z +2| >2x 42,
204+6> —|x+2|—4 |z +2] > —22 — 10

T +2> 2+ 2, z <0,
T+ 2< 2z — 2, g;<—%,
— L 37 =
T +2>—2z— 10, z >4,
{x<0’ — —8<zx<0.
x> —8

Thus the base of the logarithm is between O and I for z €
€ (—8;—=7) U (—1;0). For these values of x we conclude that
y—2 < 1 -z ie y < 3 — 2 If weadd that y >
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> 2 (that follows from the domain of the initial inequality), we
obtain two trapezoids ABCD and K LM R, their vertices situ-
ated in points A(—1;4), B(—1;2), C(0;2), D(0;3), R(—7;10),
K(—8;11), L(—8;2), M(-T7;2).

The area of this set is equal to sum of areas of all the trapezoids.

1+2 943
Sapcp = 42— -1 =15, Sapgr = %'6236,5’1@1\43 =
= 288 1 = 8.5 hence Syqa = 46.
.Answer. 6.

Solution. Angle AOP is the angle be-
tween the chords that intersect; there-
fore, it is equal to one half of the sum
of arcs AP and RS. As these arcs are
equal to each other (they are arcs be-
tween parallel chords PR and AS), we
conclude that each of them is equal to
60°. Chords QR and PS are also paral- Fig. 10

lel to each other (as they are bases of a trapezoid), and so arc PQ
is equal to 60° as well. Chords PR and PSS are equal to each other;
and so are the corresponding arcs, that is, arc PQR equals arc PAS.

From he{e_{ollotv_sjthat @—}JE — AS. As the whole circle is 360°, we
get that QR = AS = 90°.

Angle QPR isinscribed into circle §2, and so 1t is equal to 5 QR =
= 5 - 90° = 45°. In the same way ZPRQ = PQ = 30O Then

/ZPQR =180° - ZQPR — ZPR@ = 105°. Let the diameter of the
circle be equal to d. Then sine theorem used for triangle PQR yields
PQ = dsin30° = g QR = dsin45° = % For expressing the
area of triangle PQ R we also need that sin 105° = sin (45° + 60°) =
= sin45° cos 60° 4 cos 45° sin 60° = L ;\/

Hence the area of triangle PQR is equal to 5 PQ QR-sin105° =

2
_ 4 (\f—i— ) . Equating it to 9 (\f+ ) ylelds d> = 144,50 d =
=12 and the radius is equal to 6.
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